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Numerical simulation for risk assessment
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T :J Safety studies supporting the operation and design of nuclear reactors
Y Simulation of accidental scenarios, material behavior, etc.

Uncertainties in numerical simulation
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Numerical simulation for criticality risk assessment

A Safety studies: compute a failure risk (margins, rare events) with validated computer/numerical models

A Numerical simulators: fundamental tools to understand, model & predict physical phenomena

A Uncertain input parameters, related to physical or scenario parameters Y Explore the input domain
with the simulator to ensure safety margins (even under worst configuration)
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Comparative analysis of neutronic calculation options
for safety -criticality studies

A Framewok: two types of simulations using 2 different calculation codes are used for safety-
criticality studies within the Scientific Calculation Tool dedicated to safety-criticality studies,
developed by CEA and ASNR in collaboration with Orano, Framatome, and EDF.

1. A simplified modeling used by the industrial partner
2. A reference modeling without approximations, evaluated using the calculation code TRIPOLI-4®
- (1) allows for faster evaluations by simplifying the representation of reality

- (2) provides more accurate results without approximations, but requires more CPU time,
limiting the number of simulations that can be performed.




Comparative analysis of neutronic calculation options
for safety -criticality studies

1. For simplified modeling: built upon a simplified representation where fuel is homogenized into
a single volume

2. For reference modeling with TRIPOLI-4®: precise and more realistic representation of fuel
- Different fuel plates surrounded by a water ring

Criticality calculation must ensures
that we remain subcritical, under
Fuel element [] input parameter uncertainties.
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x” water ] — to assess the calculation biases introduced by
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ZT uncertain parameters common to both models




Comparative analysis of neutronic calculation options
for safety -criticality studies

How to asses the calculation biases introduced by the simplified model?

Y Probabilistic framework for uncertain inputs and intensive Monte Carlo-based methods
Y But CPU-expensive reference modeling Y number of possible simulations limited to n © 300 e.g.

Y Solution: build a metamodel to quantify the calculation discrepancies between the two modeling approaches
(on the quantities of interest) and assess that the bias does not exceed a given threshold
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Comparative analysis of neutronic calculation options
for safety -criticality studies

How to asses the calculation biases introduced by the simplified model?

Y Probabilistic framework for uncertain inputs and intensive Monte Carlo-based methods
Y But CPU-expensive reference modeling Y number of possible simulations limited to n © 300 e.g.

Y Solution: build a metamodel to quantify the calculation discrepancies between the two modeling approaches
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Comparative analysis of neutronic calculation options
for safety -criticality studies

How to asses the calculation biases introduced by the simplified model?

Y Probabilistic framework for uncertain inputs and intensive Monte Carlo-based methods
Y But CPU-expensive reference modeling Y number of possible simulations limited to n © 300 e.g.

Y Solution: build a metamodel to quantify the calculation discrepancies between the two modeling approaches

Applicative objectives and constraints for the DoE:

V A single i.i.d. inputs/output sample for both simulators, for multi-purpose
(sensitivity analysis, uncertainty propagation...) and training a metamodel
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Comparative analysis of neutronic calculation options
for safety -criticality studies

How to asses the calculation biases introduced by the simplified model?

Y Probabilistic framework for uncertain inputs and intensive Monte Carlo-based methods
Y But CPU-expensive reference modeling Y number of possible simulations limited to n © 300 e.g.

Y Solution: build a metamodel to quantify the calculation discrepancies between the two modeling approaches

Applicative objectives and constraints for the DoE:

V A single i.i.d. inputs/output sample for both simulators, for multi-purpose
(sensitivity analysis, uncertainty propagation...) and training a metamodel

V  Small sample size: n © 300 simulations

V Medium dimension with d = 5 uncertain inputs

V Respect of geometrical constraint for reference simulator: Space-Filling DoE
each set of inputs must ensure that the resulting fuel geometry is feasible —> under equality
constraint?

[SHS*03, PC17, HIR21]




How to definea S  -F DoE under specific equality
constraint?

1. Mathematical formalization and insights into
possible approaches



Mathematical formalization

A d =5 uncertain input parameters common to both modeling approaches:
A® : Tot al mass of fissile component in all el ements
Ao Concentration of fissile component
A @& and ® : geometrical parameters of each fuel element
A & : Ratio between the volume of the moderator and the fissile volume

A Prior probability distribution defined for simplified modeling approach
A Uniform marginal distributions defined on given intervals ‘O wp Moy - Hypercubedomain@Q. B O
A Independentinputs: ~L &~

Feasibility constraint for reference modeling - Equality constraint

O B ) J —

Y Conditional probability distribution ~i.d, ~.|£~ i withi {evn Q. Oa OO AEde) N &’}

How to sample from ~1.? - Extension of constrained sampling

How to define and build an « optimal » sample f' D ~1? methods to « stratified/quantized
equality constraint »?




Mathematical formalization

A One equality constraint "#&) @Y ~L: Projection of ~L oni

- Under certain regularity assumptions, i is a regular manifold of dimension Q p
- Conditioning by an equality constraint often yields a degenerated and analytically inaccessible distribution

- Possible significant modification of marginal distributions and structural dependence

A Multi-level constraint "@L£) N &”; "@L) v i with i Z v, ' with©O [6r ™M |

- z « 4 I does not constitute a global regular manifold (cf. discrete nature of the levels) - No continuous

transition between two setsi and i

- Can be interpreted as a finite stratification of the domain into geometric layers (family of independent
supports without globalpar amet eri zati on)

Y Conditional joint law: despite the lack of global regularity, possible to define f‘; d ~u|EN

- Mixture of the conditional laws associated with each level: n; B., ~ ¢ AL owith o &

the induced marginal law of the integer variable 6 h "®%) with =D ~ ..

@ *Bounded definition domainof 0 : O d (€N o"smeN WOOAB® J6QeQ



How to sample from conditional distribution n; ?

A Rough approach based on a partial recalibration (justified by application of implicit function theorem):
1. Generate samples of & according to prior distribution: =D ~ 1
2. For each sample e,
a) Calculate the value of nearest integer 6 =~ Qe O

b) Recalibrate a single parameter (e.g., @) to obtain e that satisfies the constraint f(e) = 0 Y’
while keeping the other parameters unchanged

A Clear drawbacks and limitations

- Alteration of local constraint geometry: the choice of the recalibrated parameter @ can affect the
feasibility and local shape of the constraint. Imposing the constraint only on & partially respects the
geometric structure induced by the manifold.

- Distortion of the conditional law: dependencies induced by the constraint are neglected, marginal
distribution of & Il s strongly deformed, while others remai

- Empirical Instability: results vary significantly depending on the chosen parameter for recalibration.



Alternative approaches

Methods for conditional simulation when dealing with constraints domains on real variables:

A Implicit reparameterization (constraint absorption): Reformulate the constraint as a change of variables
where one coordinate (of the new variables) becomes the constraint value:
Y Find%gg O s suchas® %o Y et A% Y) w(B8%Y)N i)

- Enables exact sampling on the constrained manifold if %.is analytically invertible

- How to find a reparametrization % where the induced law on “Yis tractable, well-conditioned and easy to
sample?

A Rejection-based methods: sample from the unconstrained law, keep only points satisfying the constraint
- Failsforreal-val ued equality constraints: zero probabil.
- Relaxation "@) N [w -fw -] could help but remains inefficient if constrained region i is narrow




Alternative approaches

A Segquentially Constrained MC [GC16] sequential sampling for evolving distributions that gradually enforce
the constraint

- Each distribution is weighted by a constraint function measuring the violation level, with increasing
weight over iterations

- Hard indicator constraint is replaced by a probability constrained, and sampling step usually by MCMC
- May be ill-suited for foliated manifolds due to complex geometry

A Constrained MCMC [BSU12} general constrained version of HMC algorithm

- Hypothesis of connected and differentiable manifold
- Adaptation to the union of disjoint submanifolds?

Even with adaptation of one of these methods to foliated equality constraints,
how do we ensure well-distributed samples under the conditional law?




Alternative approaches

A Selected strategy: Projection-only approach combined with subsampling techniques
appr oambines SCML twithaninimum energy design

In the same vein as [HIR219 s

Principle: sample from the unconstrained prior and project each point onto the constraint manifold

+ find a well-spaced subsample by minimizing the Energy distance [JDT15]
e Or computing the conditional density

Constraint is implicitly enforced without explicitly sampling 0
Approximation of joint conditional law Y Introduces theoretical bias and sampling distortion

Easier to implement that MCMC strategies, but lacks theoretical convergence guarantees
Subsampling does not correct the bias, but can serve multiple goals:
- Improve geometric coverage (e.g. space-filling design)

- Rebalance over-represented regions
Approximate conditional law via importance sampling (requires conditional density evaluation)




How to definea S  -F DoE under specific equality
constraint?

1. Mathematical formalization and insights into
possible approaches

2. Detailed proposed methodology



Proposed methodology

3-step approach to define a = -size space-filling DoE of =D ~]2¢® <
(under the feasibility constraint @) v 0 O &’

1.Initial Generation: Generate a large pure Monte Carlo sample f of =D L, with & p T
This initial generation is done independently of the feasibility constraint




Proposed methodology

3-step approach to define a = -size space-filling DoE of =D ~]=2¢® <
(under the feasibility constraint @) v 0 O &’

1. Initial Generation: Generate a large pure Monte Carlo sample f of =D L, with & p T e. g.

2. Constraint Projection: project each point of to the nearest manifold

For each point e in f , f i1 nd t eintoddonsam &t thagpbelongstto the nearest "leaf"
manifold i where & Qe

For this, solve a constrained optimization problem:

x) = argmin [|x — X(i)H such as  f(x) = N, € N° where N @ = {f (x("i))]
xCDx CR4

- Anew DoE se?fi' “i s o0 hof the sarsedsize ¢ . welaah pant satisfies the constraint (within
a numerical precision Dof p 1 e.g.).




Proposed methodology

3-step approach to define a = -size space-filling DoE of =D ~]=2¢® <
(under the feasibility constraint @) v 0 O &’

1. Initial Generation: Generate a large pure Monte Carlo sample f of =D L, with & p T e. g.

2. Constraint Projection: project each point of to the nearest manifold

3. Subsampling to obtain a representative £-size subsample:

From i . saeddecedtsubsample 2)7° " Wvith= L =y - (¢ is the target size, here ¢ = 300).

- Use advanced techniques such as Support Points or Kernel Herding to ensure the subsample is
representative of f]' and benefits fr om {umosrbbus dtaggstics antd ésimeatorg)a n ¢

- To preserve statistical properties between the original sample and the subsample, ensuring good coverage
in high-density regions of the target distribution

- The resulting subsample defines the final DoE for simulations with TRIPOLI-4®.



Focus on subsampling step

Support points (SP) subsampling based on minimization of Energy Distance

Extract a representative £-size subset from a large N-size dataset by minimizing the Energy Distance [SR13]

Algorithm
1. Start with a large point set : Let X = {:.\:(1),1:‘(23’1 . ,:B(N)} C R¢

2. Support point selection : Find a subset of points & = {5(1),5(2), ...,3(”)} C A such that
m < N and that minimizes the Energy Distance Dg(S, X):

= in D X
§ = arg i Dp(S, X)

where Dg is defined as:
Dg(S,X) =2E[| X - S|] - E[| X — X"[]] - E[|IS - S"|l]

with X, X’ being independent samples from X and S, 5" independent samples from S.

Y Use heretoobtain®  ¢°°*fomn f' (Ga n d




Focus on subsampling step

Support points (SP) subsampling based on minimization of Energy Distance
Extract a representative £-size subset from a large N-size dataset by minimizing the Energy Distance [SR13]

In practice

- Statistical estimator of energy distance from two finite i l.d. samples of N and n
(1) _ () — (1) _ () — _
o R S [CRFCIRS o SURURNITIES o SRR
1=1 j=1 1=1 j3=1 1i=1 3=1
- V-statistics: asymptotically unbiased and consistent

Greedy Support points algorithm [MJ18]: practical heuristic to build n* that minimizes © (n“M)

1. Initialization : Set S; = 0

Computationally efficient, especially when € L 0

2. Iterative selection : For t = 1 to n:
(where exhaustive search becomes impractical).

e Evaluate ﬁE(St"‘_l U{z},X) for each x € X'\ S ;

o Select s = argmin, Dp(S;_, U {z}, X) Closedf Kernel Herdingcws10] with
e Update S =S/ , U {s'} G Sy SRNEBERG I Yy OSH13] 1 SINY St

@ 3. Output : Final support set S*



How to definea S  -F DoE under specific equality
constraint?

1. Mathematical formalization and insights into
possible approaches

2. Detailed proposed methodology

3. Application to test case



Application on criticality test -case

A d =5 uncertain input parameters with prior independent uniform distributions

@ : Tot al mass of f i ssi-lwlucobthepnass is mitiallyifixed Ya 4 uncedain araenaterss
W : Concentration of fissile component

@ and @ : geometrical parameters of each fuel element

@ : Ratio between the volume of the moderator and the fissile volume

o

o o o

Feasibility constraint for reference modeling
O T8 ) \/ — s




Application on criticality test -case

Step 1: Large Monte Carlo sample f of =D~y
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Application on criticality test -case

Step 1: Large Monte Carlo sample f of =D~y

Vizualization tool with Copulogram to focus on
dependence structure of marginal bivariate distribution

®** 71, Distribution of 0 oaa{ | Distribution of 0




Application on criticality test -case

@ Initial Point
® Optim with std P B ®
® Optim without std
W Step 2 - Constraint Projection: project
each point of to the nearest manifold
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Application on criticality test -case
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Application on criticality test -case

@ |Initial Point
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® Optim without std
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Application on criticality test -case

W W

Step 2 - Constraint Projection: project
each point of to the nearest manifold

Adequation test between ¢, , and g?go =<
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Application on criticality test -case

W Step 2 - Constraint Projection: project
each point of to the nearest manifold
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